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Recent experimental advances in single-molecule enzymology stimulated many efforts to develop singlemolecule kinetic theories of enzyme catalysis, especially for the classic Michaelis-Menten mechanism. Our
group recently studied redox catalysis by single metal nanoparticles at single-turnover resolution. Compared
with enzymes, which are homogeneous catalysts and have well-defined active sites, nanoparticles are
heterogeneous catalysts and have many different surface sites for catalysis. To provide a theoretical framework
to understand nanoparticle catalysis at the single-molecule level, here we formulate in detail the singlemolecule kinetic theory of a Langmuir-Hinshelwood mechanism for heterogeneous catalysis, which includes
the multitude of surface sites on one nanoparticle. We consider two parallel product dissociation pathways
that give complex single-molecule kinetics of the product dissociation reaction. We derive the probability
density functions of the stochastic waiting times for both the product formation and the product dissociation
reactions and describe their complex behaviors at different kinetic limiting conditions. We also obtain a singlemolecule Langmuir-Hinshelwood equation that describes the saturation kinetics of the product formation
rate over substrate concentrations and evaluate the randomness parameter of single-turnover waiting times.
We further compare the single-molecule kinetics between the Langmuir-Hinshelwood mechanism for
heterogeneous catalysis and the Michaelis-Menten mechanism for enzyme catalysis and formulate the modified
single-molecule Michaelis-Menten kinetics with multiple product dissociation pathways. In the end, we suggest
that the Langmuir-Hinshelwood mechanism is also applicable to describe the single-molecule kinetics of
oligomeric enzymes that contain multiple catalytic sites. We expect that these theories will enable quantitative
analysis of single-turnover kinetics of heterogeneous and enzyme catalysis and provide a theoretical foundation
to understand the catalytic dynamics of nanoparticles and enzymes at the single-molecule level.
I. Introduction
Chemical kinetics is powerful to determine the catalytic
mechanisms of enzymes, small-molecule catalysts, and heterogeneous catalysts. By examining the catalytic reaction rate across
various reaction conditions, one can apply rate laws of chemical
kinetics and formulate kinetic mechanisms to gain quantitative
understanding of the catalysis. Traditionally, to determine a
catalytic reaction rate (V) in ensemble experiments, one measures
the time rate of the concentration change of a substrate or a
product during catalysis. Well-established ensemble kinetic
equations for various reaction mechanisms can then be used to
analyze the dependence of V on a reaction condition, such as
the substrate concentration [S], to formulate a working mechanism for the catalysis and quantify the associated kinetic
parameters.1,2
More recently, advances in single-molecule techniques,
including single-molecule fluorescence microscopy, made it
possible to monitor the catalytic reactions of enzymes,3-25
microcrystals,26 and nanoparticles27 at the single-molecule level.
Instead of monitoring the concentration change of the substrate
or the product to measure the reaction rate, a single-molecule
experiment follows individual catalytic turnovers in real time
and records the waiting times (τ) for completing individual
reactions. While the individual values of τ are stochastic, its
probability distribution and associated statistical properties are
defined by the underlying catalytic mechanism and the associated kinetic parameters. Single-molecule kinetic theories have
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SCHEME 1: Michaelis-Menten Mechanism for Enzyme
Catalysisa

a
Fluorescence off- and on-states are denoted at each reaction stage
for a fluorogenic enzymatic reaction.

thus been developed to derive and analyze the probability density
function f(τ) of τ and its statistical properties, including the
reciprocal of its mean, 〈τ〉-1, and its randomness parameter r
(defined as r ) (〈τ2〉 - 〈τ〉2)/〈τ〉2, where 〈 〉 denotes averaging),
to probe the catalytic mechanism and quantify the kinetic
parameters.3,4,27-42
Among single-molecule studies of catalysis, enzyme catalysis
has been studied most.3-25 Consequently, single-molecule kinetic
theory has been formulated for the classic Michaelis-Menten
mechanism in enzyme catalysis,3,28-38,41,43 and most recently,
for generic complex single-molecule kinetic processes.44 In the
classic Michaelis-Menten mechanism (Scheme 1), a substrate
S binds reversibly to an enzyme E to form an enzyme-substrate
complex ES before being converted to the product P (reactions
1a and 1b); the product then dissociates to regenerate E for the
next turnover (reaction 1c, Scheme 1). Associated with reactions
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Figure 1. Schematic single-molecule turnover trajectory showing offon bursts of product formation.

1a and 1b and under steady-state approximation, the classic
Michaelis-Menten equation

V)

Vmax[S]
KM + [S]

(1)

describes the substrate concentration dependence of the ensemble product formation rate V, which increases with increasing
[S] and eventually saturates to Vmax.1 Vmax is equal to k2[E]T,
where [E]T is the total concentration of the enzyme, and KM ()
(k-1 + k2)/k1) is the Michaelis constant and corresponds to the
substrate concentration at which V ) Vmax/2. In contrast, in single
enzyme measurements, the concentration of an enzyme is
meaningless; instead, an enzyme molecule has a certain probability at each of the states E, ES, and EP at any time and cycles
through these states repetitively. The reaction rate is described
by the statistical properties of the stochastic waiting times for
completing individual catalytic turnovers.
As an example, consider the experiment of single-molecule
detection of a fluorogenic enzyme reaction that operates by the
Michaelis-Menten mechanism in Scheme 1. Here an enzyme
catalyzes the conversion of a nonfluorescent substrate to a
fluorescent product, and the product fluorescence is detected
one molecule at a time in real time. Under constant laser
illumination during catalysis and detected at longer than µs
timescales, the fluorogenic reactions of an enzyme will give
stochastic off-on burst-like fluorescence signals (Figure 1); each
intensity increase marks a formation of EP, each decrease marks
a dissociation of EP (free P diffuses away fast from the detection
volume), and each off-on cycle reports a single turnover. τoff is
then the waiting time for completing reactions 1a and 1b; τon is
the waiting time for completing reaction 1c; and these two
stochastic quantities are the most important observables in a
single-turnover trajectory and can be characterized by their
probability density functions foff(τ) and fon(τ). It was shown that
the probability density function of τoff, foff(τ), is3,28,31

foff(τ) )

k1k2[S] (b+a)τ
- e(b-a)τ]
[e
2a

roff )

 14 (k S + k
[ ]

2
[ ]
-1 + k2) - k1k2 S

and b ) -(k1[S] + k-1 + k2)/2. The functional shape of foff(τ)
has an exponential rise followed by an exponential decay (Figure
2A); its delayed maximum at τ > 0 indicates the presence of
the reaction intermediate ES. The reciprocal of the first moment
of foff(τ), 〈τoff〉-1, represents the rate of the product formation.
With 〈τoff〉 ) ∫0∞ τfoff(τ)dτ, it follows:

〈τoff 〉-1 )

k2[S]
[S] + KM

the substrate concentration (Figure 2B) and, thus, was termed
the single-molecule Michaelis-Menten equation by Xie and coworkers.28
The randomness parameter for τoff, roff, is a dimensionless
measure of the temporal irregularities of τoff and is related to
the second moment of foff(τ):28,45-47

(2)

where a )
1

Figure 2. foff(τ), 〈τoff〉-1, and roff of the Michaelis-Menten mechanism.
(A) Simulations of foff(τ) from eq 2 (k10 ) k1[S]). (B) Simulations of
the [S] dependence of 〈τoff〉-1 from eq 3. (C) Simulations of the
randomness parameter roff from eq 4.

(3)

where KM ) (k-1 + k2)/k1. Equation 3 resembles the ensemble
Michaelis-Menten equation (eq 1) and predicts the same
hyperbolic dependence of the product formation rate on

〈τ2off 〉 - 〈τoff 〉2
〈τoff 〉2

)

(k1[S] + k-1 + k2)2 - 2k1k2[S]
(k1[S] + k-1 + k2)2

(4)

roff ) 1 at [S] f 0 or [S] f ∞, and roff < 1 at intermediate
[S] (Figure 2C). Xie and co-workers used serial Poisson
processes to illustrate the behavior of roff:28,31 For a one-step
Poisson process with a rate constant k, f(τ) ) ke-kτ, 〈τ〉 )
1/k, and 〈τ2〉 - 〈τ〉2 ) 1/k2; then r ) 1. For a serial of n
Poisson processes of which every step has the same rate
constant k, that is, a complex reaction with n equivalent ratelimiting steps, f(τ) ) knτn-1e-kτ/(n-1)!; then 〈τ〉 ) n/k and
〈τ2〉 - 〈τ〉2 ) n/k2; thus, r ) 1/n. The more rate-limiting steps
there are, the smaller r is. In general, 0 < r < 1 for serial
reactions, and its value reflects the number of rate-limiting
steps in the reactions. For the Michaelis-Menten mechanism
in Scheme 1, at [S] f 0 or [S] f ∞, the τoff reactions only
contain one rate-limiting step: substrate binding or catalytic
conversion, respectively; then roff ) 1. At intermediate [S],
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SCHEME 2: Langmuir–Hinshelwood Mechanism with
Two Product Dissociation Pathways for Heterogeneous
Catalysisa

Figure 3. Segment of a single-turnover trajectory of fluorogenic redox
catalysis by a single colloidal gold nanoparticle. Figure adapted from
Xu et al.27

the substrate binding and the catalytic conversion are both
rate-limiting; then roff < 1, which indicates the presence of
the intermediate ES.
For τon, which contains the unimolecular product dissociation
reaction, its probability density function is fon(τ) ) k3e-k3τ, a simple
single-exponential decay function with a fixed decay constant k3;
and 〈τon〉-1 ) k3, representing the rate of product dissociation. The
randomness parameter for τon, ron, is always unity, because the τon
reaction is a one-step Poisson process.28,45-47 The overall turnover
rate 〈τoff + τon〉-1 for the enzyme catalysis in Scheme 1 is then
〈τoff + τon〉-1 ) k2k3[S] / [(k2 + k3)[S] + k3KM], which reduces
to eq 3, the single-molecule Michaelis-Menten equation, when
the product dissociation is fast (i.e., k3 . k2). As the MichaelisMenten mechanism describes the kinetic behaviors of a large
number of enzymes, the above formalism has been particularly
useful in analyzing the single-molecule kinetics of enzymatic
reactions.3,4,7,9
Recently, our group used single-molecule detection of fluorogenic reactions to follow the redox catalysis by single metal
nanoparticles in an aqueous environment.27 By detecting the
fluorescence of the catalytic product at the single-molecule level,
we recorded real-time single-turnover trajectories of single colloidal
gold nanoparticles exhibiting stochastic off-on signals (Figure 3).
Compared with enzymes, which are homogeneous catalysts and
catalyze reactions at a well-defined active site, nanoparticles are
heterogeneous catalysts and have many surface sites
for catalysis.48-50 The one-site, one-substrate model as in the
Michaelis-Menten mechanism is thus inadequate for single
nanoparticle catalysis, and a Langmuir-Hinshelwood mechanism
for heterogeneous catalysis,51 which considers the multitude of
surface sites on one nanoparticle, was used to interpret the singleturnover kinetics of the catalytic product formation reaction by a
single nanoparticle. Our single-nanoparticle studies further identified
two parallel product dissociation pathways, and between these two
pathways, different nanoparticles have differential reactivity giving
rise to their heterogeneous kinetics in product dissociation. In this
paper, we formulate in detail the single-molecule kinetic theory of
the Langmuir-Hinshelwood mechanism for the catalytic product
formation reaction and of the product dissociation reaction comprising multiple pathways. We will describe the different behaviors
of f(τ), 〈τ〉-1, and r under different kinetic conditions. We will
compare the single-molecule kinetics between the LangmuirHinshelwood mechanism for heterogeneous catalysis and the
Michaelis-Menten mechanism for enzyme catalysis, and formulate
the modified single-molecule Michaelis-Menten kinetics containing multiple product dissociation pathways. In the end, we propose
that the Langmuir-Hinshelwood mechanism is also applicable to
describe the single-molecule kinetics of oligomeric enzymes that
have multiple active sites. We expect that the formulism developed
here will enable quantitative analysis of single-turnover kinetics
of heterogeneous and enzyme catalysis and provide a theoretical
foundation to understand the catalytic dynamics of nanoparticles
and enzymes at the single-molecule level.

a
M represents a nanoparticle. n is the number of substrate molecules
adsorbed on the nanoparticle surface. nT is the total number of catalytic
sites on one nanoparticle. θS is the fraction of the occupied surface
catalytic sites by the substrate. γ’s are the rate constants. Fluorescence
off- and on-states are denoted at each reaction stage for a fluorogenic
reaction.

II. Single-Molecule Kinetic Theory of Heterogeneous
Catalysis
Scheme 2 shows the kinetic mechanism for a catalytic redox
reaction by colloidal gold nanoparticles.27 The catalytic product
formation reaction takes a Langmuir-Hinshelwood mechanism,
in which the nanoparticle catalyzes the substrate conversion to
product while maintaining a fast substrate adsorption equilibrium
(reaction 2a). After being generated, the product can either
dissociate via a substrate-assisted pathway, involving a presubstrate-binding step (reactions 2b and 2c), or dissociate directly
(reaction 2d). The fluorescence state (off or on) is indicated at
each reaction stage. (Note that under the laser excitation
intensities in obtaining the data in Figure 3, photobleaching and
blinking of the fluorescent product do not affect significantly
the duration of the on-times.27) In the following, we will
formulate in detail the single-molecule kinetics associated with
this mechanism.
II.1. τoff Reaction: Langmuir-Hinshelwood Mechanism
for Product Formation. II.1.A. Probability Density Function
foff(τ). The Langmuir-Hinshelwood mechanism assumes that
the substrate molecules bind to the nanoparticle surface reversibly and a fast adsorption equilibrium is established at all times
(i.e., the rate of substrate adsorption and desorption are much
faster than that of the catalytic conversion reaction), and that
the surface coverage of substrate molecules on one nanoparticle
is governed by the Langmuir adsorption isotherm.51 Based on
this mechanism, the reaction that takes place during the offtimes of a single-turnover trajectory of fluorogenic reactions
(Figure 3) is reaction 2a in Scheme 2:
γapp

MSn 98 MSn-1 - P
off-state

(5)

on-state

Here n is the number of substrate molecules adsorbed on the
nanoparticle surface at equilibrium; γapp is the apparent rate
constant for forming one product on the surface of one
nanoparticle and takes the form51

γapp ) γn

(6)

where γ is the rate constant representing the intrinsic reactivity
per catalytic site for the catalytic conversion reaction. From the
Langmuir adsorption isotherm,51
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where nT is the total number of the surface catalytic sites on
one nanoparticle, θS is the fraction of the occupied surface
catalytic sites by the substrate, and G1 is the substrate adsorption
equilibrium constant that equals the ratio of substrate binding
and unbinding rate constants. Then we have

γapp ) γnTθS )

γnTG1[S]
1 + G1[S]

(8)

In ensemble measurements where the catalysis by many
nanoparticles is measured altogether in solution, the kinetic rate
equation for the reaction in eq 5 is

d[MSn-1 - P]
d[MSn]
)) γapp[MSn]
dt
dt

dPMSn-1-P(t)

(7)

dt

dPMSn(t)
dt

) γappPMSn(t)

(10)

where PMSn(t) + PMSn-1-P(t) ) 1. At the onset of each off-time
reaction (t ) 0), no product molecule has formed. So the initial
conditions for solving eq 10 are PMSn(0) ) 1 and PMSn-1-P(0) ) 0.
In single-nanoparticle experiments, the depletion of substrate is
negligible during catalysis and [S] is time-independent; γapp can
thus be validly taken as a pseudofirst-order rate constant.
We can then evaluate the probability density of the time τ
needed to complete the off-time reaction, foff(τ), that is, the
probability density of τoff. The probability of finding a particular
τ is foff(τ)∆τ; and foff(τ)∆τ is equal to the probability for the
nanoparticle to switch from the MSn state to the MSn-1 - P
state between t ) τ and τ + ∆τ, which is ∆PMSn-1-P(τ) )
γappPMSn(τ)∆τ. In the limit of infinitesimal ∆τ,

(9)

where M represents a nanoparticle, [MSn] is the concentration
of nanoparticles that do not carry any product, and [MSn-1 P] is the concentration of nanoparticles on which one product
molecule is generated. The approximation of γapp as a pseudofirst-order rate constant here is valid, provided [S] is timeindependent (see below).
In single-turnover measurements of single-nanoparticle catalysis, although the concentration of the substrate, [S], is still
a valid description, the concentration of one nanoparticle is
meaningless, and each nanoparticle has a certain probability at
either the MSn or the MSn-1 - P state during an off-time. To
derive the single-molecule kinetics for a single nanoparticle,
the concentrations in eq 9 need to be replaced by the probabilities P(t) of finding the nanoparticle in the states MSn and
MSn-1 - P at time t.31 Then, we have

)-

foff(τ) )

dPMSn-1-P(τ)
dτ

) γappPMSn(τ) )

γnTG1[S]
P (τ)
1 + G1[S] MSn

(11)
Solving eq 10 for PMSn(τ), we get

foff(τ) )

(

)

γnTG1[S]
γnTG1[S]
exp τ
1 + G1[S]
1 + G1[S]

(12)

Clearly, regardless of the values of γ, nT, or G1, foff(τ) will
show a single-exponential decay with the [S]-dependent decay
constant γnTG1[S]/(1 + G1[S]). At saturating substrate concentrations where all surface catalytic sites are occupied by
substrates, θS ) 1 and foff(τ) ) γnT exp(-γnTτ). Figure 4A plots
foff(τ) at different values of γnT, [S], and G1. Figure 4B shows
the experimental distribution of τoff from a single-turnover
trajectory of gold nanoparticle catalysis at a saturating substrate

Figure 4. foff(τ) and 〈τoff〉-1 of the Langmuir-Hinshelwood mechanism for the catalytic product formation reaction. (A) Simulations of the
probability density function foff(τ) at different γnT, [S], and G1 from eq 12. (B) Experimental τoff distribution from a single-turnover trajectory
of gold nanoparticle catalysis at a saturating substrate concentration ([S] ) 1.2 µM).27 Solid line is a single-exponential fit; its decay constant
gives γnT. (C) Simulations of the [S] dependence of 〈τoff〉-1 from eq 13 at different γnT and G1. (D) Experimental results of the [S] dependence
of 〈τoff〉-1 of single gold nanoparticle catalysis, where each data point is averaged over many nanoparticles. Data are adapted from Xu et al.27
Solid line is a fit with eq 13.
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concentration;27 fitting this distribution gives γnT of this
nanoparticle directly.
II.1.B. Rate of Product Formation: 〈τoff〉-1. The first moment
of foff(τ), 〈τoff〉 ) ∫0∞ τfoff(τ) dτ, gives the mean waiting time for
completing the catalytic product formation reaction; 〈τoff〉-1 then
represents the rate of product formation for a single nanoparticle:

〈τoff 〉-1 )

γnTG1[S]
1 + G1[S]

(13)

This equation resembles the ensemble Langmuir-Hinshelwood
rate equation;51 we thus call it single-molecule LangmuirHinshelwood equation. This equation describes the hyperbolic
dependence of 〈τoff〉-1 on the substrate concentration with a
saturation to γnT at high substrate concentrations. To give a
physical interpretation of eq 13: The maximum product formation rate is reached when all surface catalytic sites are occupied
by substrates, and the reaction rate 〈τoff〉-1 equals the reactivity
(γ) per catalytic site multiplied by the total number (nT) of
surface catalytic sites. Figure 4C plots the [S] dependence of
〈τoff〉-1 at different values of γnT and G1. Figure 4D shows the
experimental data of redox catalysis of gold nanoparticles;27
fitting the data with eq 13 gives γnT and G1.
II.1.C. Randomness Parameter roff . From eq 13, we can
2
〉obtain 〈τoff〉 ) 1/γapp and 〈τoff2〉 ) 2/γapp2. Then roff ) (〈τoff
2
2
〈τoff〉 )/〈τoff〉 ) 1, independent of [S]. This is consistent with
that foff(τ) is a single-exponential decay function, which results
from that the τoff reaction of the Langmuir-Hinshelwood
mechanism only contains one rate-limiting step (Scheme 2 and
eq 5), equivalent to a Poisson process.
II.2. τon Reaction: Two-Pathway Model for Production
Dissociation. II.2.A. Probability Density Function fon(τ). For
product dissociation, the mechanism in Scheme 2 includes
two parallel pathways: a substrate-assisted pathway involving
a presubstrate-binding step before product dissociation (reactions 2b and 2c) and a direct dissociation pathway (reaction
2c). Thus, the reaction taking place during each on-time is
either

or

Under the assumption of the Langmuir-Hinshelwood mechanism that a fast substrate adsorption equilibrium is established
at all times, the MSn-1 state will quickly turn to the MSn state
by binding a substrate molecule from the solution. We can show
that the probability density function fon(τ) is (Appendix A)

1
fon(τ) ) [Me(β+R)τ + Ne(β-R)τ]
2R

(15)

where R ) √(γ1[S]+γ-1+γ2+γ3)2⁄4-(γ1γ2[S]+γ-1γ3+γ2γ3),
β ) - (γ1[S] + γ-1 + γ2 + γ3) ⁄ 2, M ) γ2γ1[S] + γ3R +
γ3β + γ3γ-1 + γ3γ2, and N ) - γ2γ1[S] + γ3R - γ3β γ3γ-1 - γ3γ2.

Depending on the substrate concentration and the magnitudes
of the individual rate constants, fon(τ) will exhibit different
shapes. Here we consider fon(τ) in five limiting regimes. (i)
Complete shutdown of the substrate-assisted dissociation pathway, that is, γ1 ) γ-1 ) γ2 ) 0. Equation 15 then reduces to
fon(τ)γ1 ) γ-1 ) γ2)0 ) γ3e-γ3τ, which is a single-exponential decay
function with a decay constant γ3 (Figure 5A). (ii) Complete
shutdown of the direct dissociation pathway, that is, γ3 ) 0.
Equation 15 then becomes fon(τ)γ3)0 ) (γ1γ2[S]/2R) [e(β+R)τ e(β-R)τ], where Rγ3)0 ) (γ1[S] + γ-1 + γ2)2/4 - γ1γ2[S] and
βγ3)0 ) -(γ1[S] + γ-1 + γ2)/2. fon(τ)γ3)0 contains two
exponentials and shows an exponential rise followed by an
exponential decay. Particularly, at τ ) 0, fon(τ)γ3)0 ) 0; this is
due to the existence of the kinetic intermediate MSn - P after
the substrate-binding step, which imposes nonzero waiting time
for completing product dissociation and leads to the delayed
maximum at τ > 0. Figure 5B plots fon(τ)γ3)0 at different γ10
() γ1[S]), γ-1, and γ2. Depending on the relative magnitudes
of these rate constants and on the experimental time resolution,
the initial exponential rise of fon(τ)γ3)0 may not be experimentally
resolvable. (iii) Both dissociation pathways present, but with
γ2 > γ3. fon(τ) then still shows an initial rise followed by a decay
but with a nonzero probability at τ ) 0 (fon(0) ) γ3) due to the
direct dissociation pathway (Figure 5C). However, there is still
a delayed maximum at τ > 0, reflecting the presence of the
MSn - P intermediate. Similarly, the initial rise of fon(τ) here
may not be experimentally resolvable depending on the magnitudes of the rate constants. (iV) Both dissociation pathways
present, but with γ2 < γ3. Here as the direct dissociation is
always faster than the substrate-assisted one, there is no
significant population of the MSn - P intermediate, and fon(τ)
has no maximum at τ > 0 and contains two exponential decays
with the two decay constants being β + R and β - R (eq 15
and Figure 5C). The magnitude of the difference between β +
R and β - R determines whether these two decay components
are experimentally resolvable. (V) Both dissociation pathways
present, but with γ2 ) γ3. At this limiting condition, eq 15
becomes fon(τ)γ2 ) γ3 ) γ2e-γ2τ ) γ3e-γ3τ, which exhibits a singleexponential decay (Figure 5C).
Except in regime (i), in all other limiting regimes where the
substrate-assisted pathway exists for product dissociation, eq
15 will reduce to a single-exponential decay at high substrate
concentrations, fon(τ)[S]f∞≈γ2e-γ2τ. The high substrate concentration here drives the product dissociation toward the substrateassisted pathway, making the direct dissociation negligible.
Figure 5D shows the experimental distribution of τon from a
single-turnover trajectory of a gold nanoparticle at a saturating
substrate concentration; fitting with a single-exponential decay
function gives γ2 for this nanoparticle directly. (For these gold
nanoparticles, we did not observe the initial-rise-then-decay nor
the double-exponential-decay behaviors of fon(τ), probably due
to large values of γ1 or γ-1 for reaction 2b of the catalysis in
Scheme 2.)
II.2.B. Rate of Product Dissociation: 〈τon〉-1. From eq 15,
we can obtain 〈τon〉-1 () 1/∫0∞ τfon(τ) dτ), the single-nanoparticle product dissociation rate:

〈τon 〉-1 )

γ2G2[S] + γ3
1 + G2[S]

(16)

where G2 ) γ1/(γ-1 + γ2). When [S] f 0, 〈τon〉-1
[S]f0 ) γ3; When
-1
) γ2. The physical meaning of the limiting
[S] f ∞, 〈τon〉[S]f∞
values of eq 16 can be understood as follows: When [S] f 0,
the forward reaction of reaction 2b is negligible (γ1[S] ) 0,
Scheme 2); then the product dissociation dominantly takes the
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Figure 5. fon(τ) and 〈τon〉-1 of the Langmuir-Hinshelwood mechanism with two product dissociation pathways. (A) Simulation of the probability
density function fon(τ) from eq 15 in the case of the shutdown of the substrate-assisted dissociation pathway (γ1 ) γ-1 ) γ2 ) 0). (B) Simulations
of fon(τ) from eq 15 in the case of the shutdown of the direct dissociation pathway (γ3 ) 0; γ10 ) γ1[S]). (C) Simulations of fon(τ) from eq 15 with
varying relative magnitudes of γ2 and γ3. (D) Experimental data of a τon distribution from a single-turnover trajectory of gold nanoparticle catalysis
at a saturating substrate concentration ([S] ) 1.2 µM).27 Solid line is an exponential fit; its decay constant gives γ2. (E) Simulations of the [S]
dependence of 〈τon〉-1 from eq 16, showing three different types of behaviors. (a.n. ) arbitrary number.) (F) Experimental data of [S] dependence
of 〈τon〉-1 from three single gold nanoparticle catalysis trajectories, exemplifying the three types of kinetic behaviors. Solid lines are fits with eq 16.
Data adapted from Xu et al.27

direct dissociation pathway (reaction 2d) and the reaction rate
is determined by γ3. When [S] f ∞, the MSn-1 - P state will
be immediately converted to the MSn - P state via reaction 2b
due to the large value of γ1[S]; then the product dissociation
dominantly takes the substrate-assisted pathway and the reaction
rate is determined by γ2 (reaction 2c).
With different relative magnitudes of γ2 and γ3, eq 16 predicts
three types of [S] dependence of 〈τon〉-1. (I) When γ2 > γ3,
〈τon〉-1 will increase with increasing [S] and eventually saturate.
(II) When γ2 < γ3, 〈τon〉-1 will decrease with increasing [S]
and flatten. (III) When γ2 ) γ3, or γ1 ) 0 (i.e., G2 ) 0) that
represents the complete shutdown of the substrate-assisted
dissociation pathway, 〈τon〉-1 will be a constant and independent
of [S]. Figure 5E plots the three types of [S] dependence of
〈τon〉-1. All these three types of kinetic behaviors were observed
experimentally in our study of single gold nanoparticle catalysis
(Figure 5F),27 which exemplifies the heterogeneous catalytic
properties of nanoparticle catalysts as well as the ability of
single-nanoparticle experiments in revealing them.
II.2.C. Randomness Parameter ron. With fon(τ), we can get
〈τon〉 and 〈τ2on〉 () N/ [R(R - β)3] - M/[R(R + β)3]) to calculate
ron. At [S] ) 0 or [S] f ∞, ron ) 1; this is because at these two
limiting conditions fon(τ) is a single-exponential decay function.
At intermediate [S] and depending on the relative magnitudes
of γ2 and γ3, ron has three different ranges of values that are
directly related to the functional shapes of fon(τ) (Figure 6):
(i) When γ2 ) γ3, ron ) 1. This directly results from that at
this condition fon(τ) is always a single-exponential decay function
(Figure 5C).
(ii) When γ2 > γ3, ron < 1. This comes from that fon(τ) here
contains two exponential functions connected by a minus sign
(eq 15), which gives its exponential-rise-followed-by-exponential-

Figure 6. ron for the τon reaction of the Langmuir-Hinshelwood
mechanism (Scheme 2). For all three curves, γ1 ) 300 µM-1 s-1 and
γ-1 ) 3 s-1. (i) γ2 ) γ3 ) 10 s-1. (ii) γ2 ) 10 s-1 and γ3 ) 4 s-1. (iii)
γ2 ) 10 s-1 and γ3 ) 400 s-1.

decay behavior with a delayed maximum that indicates the
presence of the MSn - P intermediate (Figure 5C). The relation
between the functional shape of fon(τ) and the value of ron here
can be illustrated by considering the general probability density
function f(τ) ) c1k1e-k1τ - c2k2e-k2τ, where the coefficients c1
and c2 are both positive and c1 - c2 ) 1 from the normalization
condition ∫0∞ f(τ)dτ ) 1. For this f(τ), 〈τ2〉 - 2〈τ〉2 ) 2c1c2(k1 - k2)2 / (k12k22)<0 when k1 * k2; therefore, r ) (〈τ2〉 〈τ〉2)/〈τ〉2 < 1.
(iii) When γ2 < γ3, ron > 1. This directly comes from that
fon(τ) here is a double-exponential decay function (Figure 5C),
that is, containing two exponential functions connected by a
plus sign (eq 15). To illustrate the connection between fon(τ)
and ron here, we can consider the general probability density
function f(τ) ) c1k1e-k1τ + c2k2e-k2τ, where the coefficients c1
and c2 are both positive and c1 + c2 ) 1 from the normalization
condition ∫0∞ f(τ) dτ ) 1. For this f(τ), 〈τ2〉 - 2〈τ〉2 ) 2c1c2
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(k1 - k2)2 / (k12k22)>0 when k1 * k2; therefore, r ) (〈τ2〉 〈τ〉2)/〈τ〉2 > 1.
ron > 1 here is particularly interesting, as in general 0 < r <
1 for serial reactions (see Introduction); and only when dynamic
disorder is present, r > 1.28,31 Here we show that, if f(τ) shows
double-exponential decay behavior, r > 1. The doubleexponential decay behavior of f(τ) can come from many different
physical origins, such as parallel reaction pathways in the τon
reaction of nanoparticle catalysis investigated here or dynamic
disorder discussed in previous single-molecule Michaelis-Menten
kinetics.28,31 (Note, for the case of parallel reaction pathways,
it cannot be that all pathways are simple one-step reactions,
which will give r ) 1 (Appendix C).)
II.3. Overall Turnover Rate. With eqs 13 and 16, we can
get the overall turnover rate of the catalysis, 〈τoff+on〉-1, that is,
the number of turnovers per unit time for a single nanoparticle,

〈τoff+on 〉-1 ) 〈τoff + τon 〉-1 ) (〈τoff 〉 + 〈τon 〉)-1
)

γnTγ2G1G2[S]2 + γnTγ3G1[S]
(γnT + γ2)G1G2[S]2 + (γnTG1 + γ3G1 + γ2G2)[S] + γ3

(17)
-1
[S] ) 0, 〈τoff+on〉[S]
) 0 ) 0 and no catalysis occurs; at [S] f
-1
〈τoff+on〉[S]f∞ ) γnTγ2/(γnT + γ2), which reduces to γnT when

At
∞,
the catalytic conversion reaction is rate-limiting in the catalytic
cycle (i.e., γnT , γ2).
III. Comparison of Heterogeneous and Enzyme
Catalysis: Langmuir-Hinshelwood versus
Michaelis-Menten Mechanism

For the catalytic product formation reaction contained in τoff
of the single-turnover trajectories, both the Michaelis-Menten
mechanism and the Langmuir-Hinshelwood mechanism predict
the saturation kinetics of the product formation rate 〈τoff〉-1 (eqs
3 and 13). The kinetic saturation is due to substrate binding to
the catalytic site in both mechanisms, and the maximum reaction
rate is reached when the catalytic sites are fully occupied at
high substrate concentrations. For the Michaelis-Menten mechanism, 〈τoff〉-1 saturates to k2, the catalytic rate constant, which
describes the intrinsic reactivity of a single enzyme (Equation
3); for the Langmuir-Hinshelwood mechanism, 〈τoff〉-1 saturates
to γnT, which represents the combined reactivity of all surface
catalytic sites of a single nanoparticle (Equation 13).
For the distribution of τoff, foff(τ), these two mechanisms
predict different behaviors. While foff(τ) of the Michaelis-Menten
mechanism has two exponential components, an exponential rise
and an exponential decay (eq 2), foff(τ) of the LangmuirHinshelwood mechanism is always a single-exponential decay
function with a [S]-dependent decay constant (eq 12). The
absence of a second exponential component in foff(τ) of the
Langmuir-Hinshelwood mechanism comes from its presumption that a fast substrate adsorption equilibrium is established
at all times during catalysis, that is, substrate adsorption-desorption
is much faster than catalysis; thus, the off-time process in the
single-turnover trajectories contains only one rate-limiting
reaction: the catalytic conversion step (eq 5), leading to the
single-exponential decay behavior of foff(τ). The [S]-dependence
of foff(τ) of the Langmuir-Hinshelwood mechanism results from
the multitude of surface catalytic sites, whose occupation is
determined by the substrate-concentration and the adsorption
equilibrium constant (eq 7). Comparatively, for the MichaelisMenten mechanism (Scheme 1), if assuming fast substrate binding-unbinding (k1, k-1 . k2), foff(τ) becomes

SCHEME 3: Modified Michaelis–Menten Mechanism
with Two Product Dissociation Pathwaysa

a

The fluorescence off- and on-states are denoted for a fluorogenic
reaction.

foff(τ) ) [k1k2[S] / (k1[S] + k-1 + k2)] exp[ - k1k2[S]τ / (k1
[S] + k-1 + k2)], also a single-exponential decay function with
a [S]-dependent decay constant;28 the [S]-dependence here
results from the [S]-controlled availability of the ES intermediate.
The difference in foff(τ) between the Langmuir-Hinshelwood
mechanism and the Michaelis-Menten mechanism leads to
their different [S]-dependence of the randomness parameter
roff. The single-exponential decay distribution of foff(τ) of the
Langmuir-Hinshelwood mechanism gives roff ) 1 independent of [S], while for the Michaelis-Menten mechanism, the
exponential-rise-followed-by-a-decay behavior of foff(τ) leads
to roff < 1 at any [S], except [S] ) 0 or ∞.
The multitude of surface sites of the nanoparticle can play
important roles in their heterogeneous catalytic properties.
Our recent study of single gold nanoparticle catalysis revealed
both static and dynamic activity heterogeneity, that is, static
and dynamic disorder of activity, among nanoparticles with
a narrow size dispersion.27 The explicit inclusion of the
number of catalytic sites on the nanoparticle in the singlemolecule Langmuir-Hinshelwood kinetics offers an additional factor to account for these heterogeneous singleturnover kinetics (for example, heterogeneity in the number
of surface sites), besides the heterogeneity in the intrinsic
activity per surface site.
IV. Michaelis-Menten Mechanism Coupled with
Multiple Product Dissociation Pathways
The Langmuir-Hinshelwood mechanism in Scheme 2 includes a substrate-assisted product dissociation pathway besides
the direct dissociation pathway, whereas the classic MichaelisMenten mechanism in Scheme 1 only has a direct product
dissociation pathway. The substrate-assisted product dissociation
is also relevant for enzyme catalysis, however, such as for the
catalysis of farnesyltransferase and geranylgeranyltransferase.52-54 To probe the effect of multiple product dissociation
pathways on the single-molecule kinetics of enzyme catalysis,
here we consider a modified Michaelis-Menten mechanism
incorporating an additional substrate-assisted pathway for
product dissociation (Scheme 3).
IV.1. τon Reaction of the Modified Michaelis-Menten
Mechanism. Here we consider first the on-time process in a
single-turnover trajectory, as it exactly parallels the treatment
of the on-time for the Langmuir-Hinshelwood mechanism in
Scheme 2. The reactions occurring in the on-times are either
reaction 3c or reactions 3d and 3e. Following the same
procedures as in Section II.2, the distribution of τon for the
modified Michaelis-Menten mechanism is

2400 J. Phys. Chem. C, Vol. 113, No. 6, 2009

fon(τ) )

1 [ (d+c)τ
Pe
+ Qe(d-c)τ]
2c

Xu et al.

(18)

with c ) √(k4[S]+k-4+k5+k3)2⁄4-(k4k5[S]+k-4k3+k5k3), d )
- (k4[S] + k-4 + k5 + k3) /2, P ) k5k4[S] + k3c + k3d +
k3k-4 + k3k5, and Q ) - k5k4[S] + k3c - k3d - k3k-4 k3k5. And

〈τon 〉-1 )

k5K2[S] + k3
1 + K2[S]

(19)

where K2 ) k4/(k-4 + k5). Depending on the relative magnitudes
of k3 and k5, which will give different functional shapes of fon(τ),
the randomness parameter ron here will have three different
ranges of values, as discussed in Section II.2.C.
IV.2. τoff Reaction of the Modified Michaelis-Menten
Mechanism. IV.2.A. Probability Density Function foff(τ). For
the off-time process, the relevant reactions are 3a and 3b.
Because of the presence of two product dissociation pathways,
two sets of initial conditions are possible at the onset of each
off-time reaction: (i) PE(0) ) 1 and PES(0) ) PEP(0) ) 0, if the
product takes the direct dissociation pathway (reaction 3c,
Scheme 3); or (ii) PE(0) ) PEP(0) ) 0 and PES(0) ) 1, if the
product takes the substrate-assisted dissociation pathway (reactions 3d and 3e). With the first set of initial conditions, the τoff
probability density function is (Appendix B):

foff(τ)1 )

k1k2[S] (b+a)τ
- e(b-a)τ]
[e
2a

(20)

with a ) √(k1[S]+k-1+k2)2⁄4-k1k2[S] and b ) -(k1[S] + k-1
+ k2)/2. This equation is the same as eq 2. With the second set
of initial conditions, we get (Appendix B):

foff(τ)2 )

k2
[(a + b + k1[S])e(b+a)τ + (a - b - k1[S])e(b-a)τ]
2a
(21)

with the same a and b as above. Because both sets of initial
conditions are possible, the probability density of τoff should
overall be a linear combination of eqs 20 and 21 for the modified
Michaelis-Menten mechanism:

foff(τ) ) C1foff(τ)1 + C2 foff(τ)2

(22)

Here C1 and C2 are two normalized weight coefficients
representing the likelihoods of the two initial conditions, that
is, the likelihood of the product taking the direct dissociation
pathway or that of taking the substrate-assisted pathway.
Considering the relative rates for the product to take these two
dissociation pathways, we get (Appendix B)

C1 )

k3(1 + K2[S])
k5K2[S] + k3(1 + K2[S])

(23a)

C2 )

k5K2[S]
k5K2[S] + k3(1 + K2[S])

(23b)

To describe the behavior of foff(τ) for the modified MichaelisMenten mechanism, we consider it in three different regimes:
(i) C1 ) 1 and C2 ) 0 (e.g., k4 or k5 ) 0). This limiting case
corresponds to the sole presence of the direct dissociation
pathway, that is, the absence of the substrate-assisted pathway
for product dissociation. foff(τ) then reduces to foff(τ)1 (eq 20),
equivalent to that of the normal Michaelis-Menten mechanism,
and has an exponential rise followed by an exponential decay
(Figure 7A). Here the delayed maximum of foff(τ) at τ > 0
indicates the population of the reaction intermediate ES during
reaction.

Figure 7. foff(τ), 〈τoff〉-1, and roff for the modified Michaelis-Menten mechanism with two parallel product dissociation pathways. (A) Simulation
of foff(τ) from eq 22 at the condition of C1 ) 1 and C2 ) 0, corresponding to the sole presence of the direct dissociation pathway. (B) Simulation
of foff(τ) from eq 22 at the condition of C1 ) 0 and C2 ) 1, corresponding to the sole presence of the substrate-assisted dissociation pathway. (C)
Simulation of 〈τoff〉-1 from eq 25. (D) Simulation of roff with C1 ) 1, C2 ) 0, and with C1 ) 0, C2 ) 1. (E) Simulation of roff with C1 * 0 and C2
* 0. (F) Three foff(τ) corresponding to points a, b, and c in (E).
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(ii) C1 ) 0 and C2 ) 1 (e.g., k3 ) 0). This limiting case
corresponds to the sole presence of the substrate-assisted
dissociation pathway, that is, the absence of the direct product
dissociation pathway. foff(τ) then reduces to foff(τ)2 (eq 21) and
has a double-exponential decay with no maximum at τ > 0
(Figure 7B). The lack of a delayed maximum reflects that there
is no on-path intermediate toward product formation, as
the initial state of each off-time in a turnover is ES after the
substrate-assisted product dissociation (Scheme 3), and the state
E is effectively an off-path “intermediate” toward product
formation. (Note that, in this limiting case, only the Very first
turnover upon introducing substrate to the enzyme has the state
E as the initial state for the off-time; however, this single event
has no statistical significance in foff(τ).)
(iii) C1 * 0 and C2 * 0. This is the general case and foff(τ)
then is a mix of behaviors of foff(τ)1 and foff(τ)2, whose relative
contributions to foff(τ) will depend on the relative magnitudes
of the kinetic rate constants and the substrate concentration. Two
special mathematical conditions exist in this general case,
however, that can result in a simple single-exponential behavior
of foff(τ). Using eqs 20, 21, and 23, eq 22 can be rearranged to

foff(τ) ) Ae(b+a)τ + Be(b-a)τ

(24)

where A ) [C2k2(a + b) + k1k2[S]] / 2a and B ) [C2k2(a b) - k1k2[S]] / 2a. Therefore, when k1[S] ) -C2(a + b), A )
0 and foff(τ) ) Be(b-a)τ; when k1[S] ) C2(a - b), B ) 0, and
foff(τ) ) Ae(b+a)τ; and both of these conditions will give a singleexponential behavior of foff(τ). Experimentally, single-exponential decay behavior of waiting time distributions are normally
used to argue for single-step reaction kinetics, but here we show
that for complex reactions with parallel pathways, one of which
even contains multiple steps, f(τ) can also be a single-exponential
decay function at certain conditions.
IV.2.B. Rate of Product Formation: 〈τoff〉-1. As for the
product formation rate 〈τoff〉-1 for a single enzyme molecule,
from eq 22, we get
〈τoff 〉-1 )

k2[S]
[S] + (k-1 + C1k2) ⁄ k1
)

k1k2(k3 + k5)K2[S]2 + k1k2k3[S]
k1(k3 + k5)K2[S]2 + [k-1(k3 + k5)K2 +

(25)

k3(k1 + k2K2)][S] + k3(k-1 + k2)

Although complex in expression due to the presence of
multiple reaction pathways, 〈τoff〉-1 still follows saturation
kinetics with increasing substrate concentrations and saturate
eventually to k2 (Figure 7C).
IV.2.C. Randomness Parameter roff. To describe the behavior of roff for the modified Michaelis-Menten mechanism, we
consider it in three different regimes in parallel to the discussion
of its foff(τ) (Section IV.2.A); the shape of foff(τ) in these regimes
determines the behavior of roff.
(i) C1 ) 1 and C2 ) 0. foff(τ) then reduces to foff(τ)1 (eq 20),
which has an exponential rise followed by an exponential decay
with a delayed maximum (Figure 7A). Therefore, roff < 1 at
any [S], except at [S] ) 0 or ∞ (Figure 7D).
(ii) C1 ) 0 and C2 ) 1. foff(τ) then reduces to foff(τ)2 (eq 21),
which is a double-exponential decay function (Figure 7B).
Therefore, roff > 1 at any [S] except at [S] f ∞ (Figure 7D).
(Note at [S] ) 0, roff > 1; see Appendix D.) In contrast to the
τon reaction of this modified Michaelis-Menten mechanism, for
which the double-exponential decay behavior of fon(τ) comes
from the presence of parallel pathways (Section IV.1), the
double-exponential decay behavior of foff(τ) here results from

that the state E represents an off-path “intermediate” because
the initial state is ES for each off-time after the substrate-assisted
product dissociation (Scheme 3).
(iii) C1 * 0 and C2 * 0. In this regime, foff(τ) is a mixture of
foff(τ)1 and foff(τ)2 and its general form contains two exponentials
with coefficients A and B (eq 24). At nonzero [S], A > 0
(Appendix E); thus, the sign of B decides the functional shape.
If B > 0, foff(τ) will be a double-exponential decay function
and roff > 1; if B < 0, foff(τ) will then show an exponential rise
followed by an exponential decay and roff < 1; if B ) 0, foff(τ)
reduces to a single-exponential decay function and roff ) 1.
Figure 7E shows an exemplary plot of the [S] dependence of
roff: at different [S], roff can be greater than 1 or smaller than 1
depending on the corresponding value of B and the cross point
is where B ) 0. Figure 7F shows three simulations of foff(τ)
corresponding to three different [S] in Figure 7E that give foff(τ)
double-exponential decay, single-exponential decay, or exponential-rise-followed-by-decay behaviors.
IV.3. Modified Michaelis-Menten Mechanism for Nanoparticle Catalysis. The modified Michaelis-Menten mechanism
can also be useful for analyzing the single-turnover kinetics of
nanoparticle catalysis. The Langmuir-Hinshelwood mechanism
assumes a fast substrate adsorption equilibrium on the nanoparticle surface at all times (Scheme 2); however, if substrate
adsorption-desorption is slow, the Langmuir-Hinshelwood
mechanism is no longer applicable and the substrate adsorptiondesorption needs to be treated explicitly. The modified
Michaelis-Menten mechanism in Scheme 3 then provides an
alternative, if we can assume as approximation one “effective”
catalytic site that represents all the catalytic sites on the
nanoparticle surface. Then, foff(τ) and 〈τoff〉-1 of eqs 22 and 25,
as well as the associated roff, can be used to analyze the singleturnover results of nanoparticle catalysis. k2 in Scheme 3 will
then represent the combined reactivity of all surface catalytic
sites and can be related to γnT in Scheme 2. The compromise
of this approximation is the loss of explicit inclusion of the
number of surface sites for considering the reactivity of a
single nanoparticle.
V. Application of the Langmuir-Hinshelwood
Mechanism to Oligomeric Enzymes
The classic Michaelis-Menten mechanism for enzyme
catalysis is a one-site, one-substrate kinetic model. Many
enzymes are oligomeric with multiple catalytic sites, however,
such as the tetrameric enzyme β-galactosidase that has been
studied at the single-molecule level.4,12,55 Including the multiplicity of catalytic sites in the single-molecule kinetic formulism
is thus desirable for oligomeric enzymes, because potential
disorder in the number of active sites can play a role in the
heterogeneous enzymatic dynamics revealed in single enzyme
studies.4,12,22
The Langmuir-Hinshelwood mechanism explicitly includes
the number of active sites in the kinetic formalism (Section II.1)
and can thus be applied to oligomeric enzymes. The only
prerequisite is that substrate binding/unbinding must be significantly faster than the catalytic conversion reaction in the catalytic
cycle, so an equilibrium occupation of all active sites is
established before a catalytic conversion occurs at one of the
sites. An example that satisfies this prerequisite is the tetrameric
enzyme β-galactosidase, which has been studied at the singlemolecule level.4,12,55
We can then borrow the formulism of eq 6 of the
Langmuir-Hinshelwood mechanism:
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kapp ) kcatn
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(26)

Here kapp is the apparent rate constant for an oligomeric
enzyme to form one product at one of its active sites, kcat is the
single-site rate constant for catalytic conversion and n is the
number of substrate molecules bound by the enzyme at
equilibrium. Because the total number (nT) of active sites of
oligomeric enzymes is typically small, the relative fluctuation
of the number of bound substrates can be large from one instant
to another; however, the equilibrium occupation n is always
described by its equilibrium binding isotherm and can be
fractional at certain substrate concentrations. If the site-site
interactions are insignificant among the monomers of the
oligomeric enzyme, that is, monomers are independent of each
other for substrate binding, n obeys the Langmuir isotherm: n
) nTK[S]/(1 + K[S]), where K is the binding equilibrium
constant. We can then obtain expressions similar to eqs 12 and
13 to describe foff(τ) and 〈τoff〉-1 for oligomeric enzymes. If the
site-site interactions are significant and there is cooperativity
for substrate binding to the multiple active sites, alternative
binding isotherms can then be used to describe n at different
substrate concentrations. For example, if positive cooperativity
exists for substrate binding, we can use a sigmoidal isotherm,
such as the Monod-Wyman-Changeux model developed for
the cooperative O2 binding to hemoglobin,1 to substitute the
Langmuir isotherm to formulate the single-molecule kinetic
equations.
Recent single-molecule enzyme studies have revealed large
dynamic disorder, that is, temporal fluctuations of enzymatic
rates, which were attributed to the fluctuations in kcat caused by
enzyme conformational dynamics.3,4,7-9,22 The inclusion of the
number of catalytic sites in the single-molecule kinetic equations
offers an additional opportunity to evaluate possible causes of
the dynamic disorder of oligomeric enzymes,4,12,22 for example,
temporal fluctuations of the number of available active sites in
an oligomeric enzyme that can result from allosteric monomermonomer interactions or from enzyme conformational dynamics.
VI. Concluding Remarks
In this paper, we have developed a theoretical formulism
to describe the single-molecule kinetics of the heterogeneous
catalysis by nanoparticle catalysts. We have described in
detail the single-molecule kinetic theory of the LangmuirHinshelwood mechanism for the catalytic product formation
reaction, which explicitly includes the multitude of surface
sites on one nanoparticle, and considered two parallel product
dissociation pathways that give complex single-molecule
kinetics for the product dissociation reaction. We analyzed
the statistical properties f(τ), 〈τ〉-1, and r of single-turnover
waiting times at different kinetic limiting conditions and
compared them with those of the Michaelis-Menten mechanism in enzyme catalysis. In light of the multiple product
dissociation pathways in heterogeneous catalysis, we also
derived the single-molecule kinetic equations for a modified
Michaelis-Menten mechanism, which can be used to describe
heterogeneous catalysis when the assumptions of the
Langmuir-Hinshelwood mechanism break down. We further
proposed that the formulism of the Langmuir-Hinshelwood
mechanism for heterogeneous catalysis can be applied to
single-molecule kinetic analysis of oligomeric enzymes that
contain multiple catalytic sites.
As the Langmuir-Hinshelwood mechanism is a general
mechanism for many heterogeneous catalysts,51 we expect
that our formulism will provide a general theoretical frame-

work to understand single-molecule kinetics of heterogeneous
catalysis. For example, our recent experimental work on the
single-turnover catalysis of gold nanoparticles has revealed
large dynamic disorder in their catalytic activity due to
catalysis-induced surface restructuring dynamics of nanoparticles.27 Surface restructuring dynamics can cause dynamic
fluctuations in the number of catalytic sites and the reactivity
of each site, both of which can result in dynamic changes in
catalyst activity. The theoretical formulation of a kinetic
mechanism here provides the foundation for analyzing such
catalytic dynamics in heterogeneous catalysis at the singlemolecule level.
Appendix
A. Derivation of the Probability Density Function fon(τ)
for the Langmuir-Hinshelwood Mechanism. For the Langmuir-Hinshelwood mechanism (Scheme 2), the reaction
occurring during each on-time is either eq 14a or eq 14b. The
single-molecule rate equations for these reactions are:

dPMSn-1-P(t)
dt

) -(γ01 + γ3)PMSn-1-P(t) + γ-1PMSn-P(t)

(A1a)
dPMSn-P(t)
dt

) γ01PMSn-1-P(t) - (γ-1 + γ2)PMSn-P(t)

(A1b)
dPMSn(t)
dt
dPMSn-1(t)
dt

) γ2PMSn-P(t)

(A1c)

) γ3PMSn-1-P(t)

(A1d)

where the P(t)’s are the probabilities of finding the nanoparticle in the corresponding states at time t; γ10 ) γ1[S]
and is treated as a pseudofirst-order rate constant because
[S] is time-independent in single-nanoparticle experiments.
Equations A1a-d can be solved exactly using the initial
conditions PMSn-1-P(0) ) 1, PMSn-P(0) ) 0,PMSn(0) ) 0, and
PMSn-1(0) ) 0 with t ) 0 being the onset of each on-time,
and the constraint PMSn-1-P(t) + PMSn-P(t) + PMSn(t) + PMSn-1(t)
) 1.
We can then consider the probability density function fon(τ)
of the on-time τon. τon is the time needed to complete either
the reactions in eq 14a or the reaction in eq 14b. The
probability of finding a particular τ is fon(τ)∆τ, which is equal
to the sum of (1) the probability for the nanoparticle to switch
from the MSn - P state to the MSn state between τ and τ +
∆τ and (2) the probability for the nanoparticle to switch from
the MSn-1 - P state to the MSn-1 state between τ and τ +
∆τ. The probability of the first switching is ∆PMSn(τ), which
equals γ2PMSn-P(τ)∆τ. The probability of the second switching
is ∆PMSn-1(τ), which equals γ3PMSn-1-P(τ)∆τ. In the limit of
infinitesimal ∆τ, we have

fon(τ) )

dPMSn(τ)

+

dPMSn-1(τ)

dτ
dτ
) γ2PMSn-P(τ) + γ3PMSn-1-P(τ)

(A2)

Solving eqs A1a-d for PMSn-P(τ) and PMSn-1-P(τ) using the
initial conditions, we get
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fon(τ) )

1 [ (β+R)τ
Me
+ Ne(β-R)τ]
2R
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with R ) √(γ1[S]+γ-1+γ2+γ3)2⁄4-(γ1γ2[S]+γ-1γ3+γ2γ3),
β ) - (γ1[S] + γ-1 + γ2 + γ3) ⁄ 2, M ) γ2γ1[S] + γ3R +
γ3β + γ3γ-1 + γ3γ2, and N ) - γ2γ1[S] + γ3R - γ3β γ3γ-1 - γ3γ2. This equation is given as eq 15 in the main text.
B. Derivation of the Probability Density Function foff(τ)
for the Modified Michaelis-Menten Mechanism. For the
modified Michaelis-Menten mechanism (Scheme 3), the relevant reactions in the off-time process are 3a and 3b; the singlemolecule rate equations are:3,28,31

dPE(t)
) -k01PE(t) + k-1PES(t)
dt
dPES(t)
) k01PE(t) - (k-1 + k2)PES(t)
dt
dPEP(t)
) k2PES(t)
dt

(B1a)
(B1b)
(B1c)

where k10 () k1[S]) is a pseudofirst-order rate constant, and PE(t)
+ PES(t) + PEP(t) )1. The procedure to obtain the probability
density function of τoff, foff(τ), is similar to that described above.
The probability of finding a particular τ is foff(τ)∆τ, and this
probability is equal to the probability for the enzyme to switch
from the ES state to the EP state between t ) τ and τ + ∆τ,
which is ∆PEP(τ) ) k2PES(τ)∆τ. In the limit of infinitesimal
∆τ,

foff(τ) )

dPEP(τ)
) k2PES(τ)
dτ

(B2)

Because of the presence of two product dissociation pathways,
two sets of initial conditions are possible for solving eqs B1a-c:
(i) PE(0) ) 1, and PES(0) ) PEP(0) ) 0, if the product takes the
direct dissociation pathway (reaction 3c, Scheme 3); or (ii) PE(0)
) PEP(0) ) 0, and PES(0) ) 1, if the product takes the substrateassisted dissociation pathway (reactions 3d and 3e). With the
first set of initial conditions, we solve for PES(τ) and get

k1k2[S] (b+a)τ
[e
foff(τ)1 )
- e(b-a)τ]
2a

(B3)

with a ) √(k1[S]+k-1+k2)2⁄4-k1k2[S], b ) - (k1[S] +
k-1 + k2)⁄2. With the second set of initial conditions, we get

k2
foff(τ)2 ) [(a + b + k1[S])e(b+a)τ + (a - b - k1[S])e(b-a)τ]
2a
(B4)
with the same a and b as above. Because both sets of initial
conditions are possible, the probability density of τoff should
overall be a linear combination of eqs B3 and B4 for the
modified Michaelis-Menten mechanism:

foff(τ) ) C1foff(τ)1 + C2foff(τ)2

C1 k3(1 + K2[S])
)
C2
k5K2[S]

(A3)

(B5)

Here C1 and C2 are two weight coefficients representing the
likelihoods of the two initial conditions, and C1 + C2 ) 1. The
magnitude of C1 or C2 should be proportional to the respective
rate for the product to take the direct dissociation pathway or
the substrate-assisted pathway. From eq 19, the product dissociation rate 〈τon〉-1 is equal to k3 in the sole presence of the
direct product dissociation pathway (i.e., k5 ) K2 ) 0) or to
k5K2[S]/(1 + K2[S]) in the sole presence of the substrate-assisted
dissociation pathway (i.e., k3 ) 0). Therefore,

(B6)

With C1 + C2 ) 1, we get

C1 )

k3(1 + K2[S])
k5K2[S] + k3(1 + K2[S])

(B7a)

C2 )

k5K2[S]
k5K2[S] + k3(1 + K2[S])

(B7b)

C. Randomness Parameter r for a Complex Reaction with
Parallel Single-Step Reactions. For a complex reaction consisting of n parallel reaction steps, each being a single-step reaction
with a rate constant kn and all starting from the same state, the
probability density function of the waiting time is f(τ) )
(Σkn) exp( - (Σkn)τ). This f(τ) is obviously a single-exponenn
n
tial decay function; therefore, r ) 1.
D. roff of the Modified Michaelis-Menten Mechanism. For
the modified Michaelis-Menten mechanism at the condition
of C1 ) 0 and C2 ) 1, foff(τ) (eq 22) reduces to foff(τ)2 (eq 21).
This limiting condition corresponds to the shutdown of the direct
dissociation pathway (reaction 3c, Scheme 3), and the product
can only dissociate via the substrate-assisted pathway (reactions
3d and 3e, Scheme 3). Therefore, the initial state for each offtime in the single-turnover trajectory is the ES state, except the
Very first turnover which has state E as the initial state upon
introducing substrate to the enzyme. At [S] ) 0, foff(τ)2 reduces
to k2e-(k-1+k2)τ. Although this is a single-exponential decay
function, it is not normalized, that is, ∫0∞ foff(τ)2dτ )
k2⁄(k-1 + k2)<1, leading to roff ) 1 + 2k-1/k2 > 1. The nonnormalization of foff(τ)2 at [S] ) 0 results from that the forward
reaction of 3a in Scheme 3 is eliminated at [S] ) 0. Consequently, the E state becomes effectively a dead end of the
catalysis; each time the reaction reaches state E, it leads to no
completion of turnover and thus no measurement of a waiting
time. The probability of reaching the E state after product
dissociation is k-1/(k-1 + k2), equal to 1 - ∫0∞ foff(τ)2dτ.
E. Coefficient A in Eq 24. From Section IV.2, A ) k2(C2
(a + b) + k1[S]) / 2a, where C2 ) k5K2[S] / {k5K2[S] + k3

(1 + K2[S])}, a ) √(k1[S]+k-1+k2)2⁄4-k1k2[S], and b )
- (k1[S] + k-1 + k2)/2. When [S] ) 0, A ) 0; when [S] > 0,
A > 0. To prove the latter, we need to prove the following:

C2(a + b) > -k1[S]

(E1)

When [S] > 0, we have 0 < C2 < 1 and a + b < 0; then C2(a
+ b) > a + b. Then to prove eq E1, we only need to show a
+ b > -k1[S], or equivalently

1
a > -b - k1[S] ) (k-1 + k2 - k1[S])
2

(E2)

If [S] is large enough so that (k-1 + k2 - k1[S])/2 e 0, the
inequality in eq E2 can be met naturally because a > 0. If [S]
is not large and (k-1 + k2 - k1[S])/2 > 0, then the inequality in
eq E2 is equivalent to

1
a2 g (k-1 + k2 - k1[S])2
4

(E3)

Using the expression for a, eq E3 can be rearranged to
k-1k1[S] g 0, which is obviously true when [S] > 0.
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